Abstract. This paper is concerned with an extension and reinterpretation of previous results on the variational characterization of eigenvalues in gaps of the essential spectrum of self-adjoint operators. We state two general abstract results on the existence of eigenvalues in the gap and a continuation principle. Then these results are applied to Dirac operators in order to characterize simultaneously eigenvalues corresponding to electronic and positronic bound states.
Introduction
In [4] we proved an abstract result on the variational characterization of the eigenvalues of operators with gaps in the essential spectrum. Such a result was designed to deal with nonpositive perturbations of a fixed self-adjoint operator with a gap in its essential spectrum but without eigenvalues. In that case, the "branching" of the potential "pulls down" eigenvalues from the right hand side of the gap. In other words, these eigenvalues emerge from the right end of the gap when the coupling is turned on. Here we address the general case of a perturbation with negative and positive parts, so that eigenvalues can emerge simultaneously from the left and right hand sides of the gap. We observe that a simple extension of the general abstract result proved in [4] allows us to treat much more general cases.
For a historical overview of the subject, we refer the reader to the introduction of [4] , in which an extended review of the literature on eigenvalues in gaps of the essential spectrum is presented. Some relevant physics papers dealing with this problem are [5, 10, 15, 2] (see also the references therein). On the mathematical side we can quote (in chronological order) [6, 8, 7, 3, 4] .
Let H be a Hilbert space with scalar product (·, ·), and A : D(A) ⊂ H → H be a self-adjoint operator. We denote by H the dual of H and by F(A) the form-domain of A. Let H + , H − be two orthogonal Hilbert subspaces of H such that H = H + ⊕H − . We denote by + , − the projectors on H + , H − . We assume the existence of a core F (i.e. a subspace of D(A) which is dense for the norm · D(A) ) such that:
We consider the sequences of min-max and max-min levels (λ
The sequences (λ + k ) k≥1 and (λ − k ) k≥1 are respectively nondecreasing and nonincreasing. As a consequence of their definitions we have :
Let b − := inf{σ ess (A) ∩ (a − , ∞)} and b + := sup{σ ess (A) ∩ (−∞, a + )}, and consider the two cases
Eigenvalues are counted with multiplicity, and the order has no meaning if, for instance, λ ≥ a + . We will extensively comment on this in Section 2 and explain how the abstract result of [4] implies Theorem 1 and a continuation result. In Section 3 we will address the particular case in which the operator A is of the form H 0 + V , where H 0 is the free Dirac operator and V is an electrostatic scalar potential. 
Abstract results
, and define a new decomposition
Then the first case of Theorem 1 reduces to Theorem 1.1 in [4] .
As for the second case, note that the statement concerning the family {λ − k } k follows from that concerning {λ + k } k applied to the operator −A. This completes the sketch of the general ideas for the proof of Theorem 1.
Next, as in [4] , we can also consider 1-parameter families of self-adjoint operators of the form A τ := A 0 + τ V , τ ∈ [0,τ ] = I, V being a bounded scalar potential. In this case, it would be interesting to prove (iii ± ) for all A τ knowing that A 0 satisfies it and having some spectral information on A τ .
More precisely, let A 0 : D(A 0 ) ⊂ H → H be a self-adjoint operator. Let H + , H − , + and − be defined as in Section 1. Assume further that there is a space F ⊂ H such that, for all τ ∈ I, F is a core for A τ and the following hypotheses hold:
Define the numbers (λ
With the definitions
we obtain the following continuation principle.
Theorem 2. Under the above assumptions
Exactly as in [4] , one can prove this result for a class of more general (unbounded) potentials V using a truncation argument and then passing to the limit in the truncation parameter. This applies to the perturbation of the free Dirac operator studied in Section 3 by potentials with Coulomb singularites. We refer the interested reader to [4] for more details.
Proof of Theorem 2. Assumptions (i), (ii ± ) of Theorem 1 follow from (j), (jj ± ). Because of the boundedness of V , the maps I τ → λ τ,± k ± 0 are continuous. The sets
are thus closed in I, and the sets
hence, by our assumptions, τ ∈ P
. As a consequence, P
, and the sets P 
Example (A Pauli type operator). For every ν > 0 consider the operator
This operator is self-adjoint with domain H 2 (R 3 , C) 2 and form-domain
2 . An easy analysis shows that for all ν > 0, A ν has two families of eigenvalues:
and moreover a ± ν = E ± ν,1 . Furthermore, for all k ≥ 1,
Notice indeed that the eigenvalues are degenerate for any n ≥ 2, so that we have to count the levels with multiplicity and introduce n := n(k). If ν ∈ ( 8n 2 /(n 2 +1),
Hence, if ν ≤ 2, all the eigenvalues of the operator A ν are given by the variational procedures defining the numbers λ ± k . In the interval ν ∈ (2, √ 8) some (but not all) of them still have this property. These results are illustrated in Fig. 1 below.
... 
Application to Dirac operators
Let us consider the free Dirac operator
where we have written it in physical units for which the speed of light, the mass of the electron and Planck's constant are taken equal to 1. In the Dirac equation, α 1 , α 2 , α 3 and β are 4 × 4 complex matrices, whose standard form (in 2 × 2 blocks) is
and σ k , k = 1, 2, 3, are the 2 × 2 complex Pauli matrices:
and assume that it is continuous everywhere except at two finite sets of isolated points,
with ν i , ν j ∈ (0, 1) for all i, j . Under the above assumptions, H 0 + V has a distinguished self-adjoint extension A with domain D(A) such that
and the essential spectrum of A is the same as that of H 0 :
(see [16, 14, 11, 9] ). Finally, V sends D(A) into its dual, since (4)- (5) imply that for all
In this section, we shall prove the validity of a variational characterization of the eigenvalues of H 0 + V corresponding to the positive/negative spectral decomposition of the free Dirac operator H 0 :
This will be done under conditions which are optimal for the potentials satisfying (4)- (5) using Theorems 1 and 2. As already stated in [4] , the theorem is optimal in the sense that it covers the optimal range in the case of Coulomb potentials. If we consider the operator A τ := H 0 + τ V , τ > 0, with V satisfying (4)- (5), our variational characterization will provide us with all eigenvalues of A τ as long as τ is not too large. • If a − < λ
• If −1 < λ Also notice that Talman's decomposition [15, 4] , i.e. the decomposition into "upper" and "lower" two-components spinors, does not apply here, while the spectral decomposition does.
Corollary 1. Under the assumptions of Theorem 3, a sufficient condition for
Proof. It is straightforward to check that a − ≤ c 2 − 1 and
Recall that under assumptions (4)-(5), for any k ≥ 1, for the above result to possibly imply that λ ± k is an eigenvalue we need that
To illustrate our results, we end this paper by giving some sufficient conditions for these inequalities to hold true. Assume that V satisfies (4)- (5) So, a − < 1 if
Next, let us estimate λ So, finally, λ
Similar computations show that λ and x + j are taken into account and made large enough, these conditions can certainly be radically weakened when these distances become large.
